This note is an elaboration of the ideas and intuitions of Grothendieck and Weil concerning the "arithmetic topology". Given 3-dimensional manifold M fibering over the circle we introduce an algebraic number field
Introduction
Let X be a surface of genus g ≥ 2 and ϕ : X → X a pseudo-Anosov homeomorphism. 1 We shall study 3-dimensional manifolds, M , which are surface bundles over the unit circle with the monodromy ϕ. Geometry and topology of M have been explored by Gromov ([6] ), Jørgensen ([9] ), Milnor ([11] ), McMullen ( [13] ), Seifert ([21] ), Stallings ([24] ), Sullivan ([25] ), Thurston ([26] ) and others.
To visualize number field associated to M , denote by ϕ a lifting of ϕ to the unit disk D, the universal cover of X. If τ is a tessellation of D by the fundamental polygons, then its dual graph τ * is a tree. It was first recognized by Serre that ϕ is a non-periodic automorphism of τ * which fixes an infinite path λ ⊂ τ * . λ itself is homotopic to a geodesic line (see Fig. 1 ) which splits D in two parts. Note that ϕ is an isometry of D whose powers ( ϕ) n converge to λ. Namely, the image of any rational geodesic (disjoint from λ) comes infinitely close to λ as n → ∞. A regular continued fraction a 0 + 1 a 1 + 1 a 2 + . . .
(1) was used to describe this process ( [14] ). Let us notice that fraction (1) is periodic because ( ϕ) n (λ) = λ for any power n. Using this basic observation, we conclude that (1) converges to the (irrational) root of a quadratic polynomial x 2 +px+q = 0, p, q ∈ Z. The algebraic number field K = Q(
2 − 4q > 0} will be called associated to manifold M . A link between number theory and low-dimensional topology was discovered long ago. Dirichlet ([4] ) was apparently the first to estimate volume of domains in R n by the number of lattice points contained in the domain. Minkowski ( [12] ) calculated units of the number field with the help of an elementary geometric construction. Bianchi ([1] ) noticed that the number of "ends" of hyperbolic 3-manifolds coincides with the class numbers of the imaginary quadratic fields. Humbert ([8] ) found an elegant formula for the (hyperbolic) volume of the Kleinian manifold M = H 3 /P SL(2, O K ):
where H 3 is a hyperbolic space, O K is the ring of integers of the (imaginary) algebraic field K = Q( √ d) = {a+b √ d | a, b ∈ Q, d < 0} and ζ K is the Dedekind zeta-function of K. For the real algebraic fields similar formula was established by C. L. Siegel ([22] ). It follows from the works of Dedekind, Grothendieck and Weil that Spec O K can be interpreted as a topological space whose (étale) cohomology and fundamental groups can be effectively calculated; cf. Mazur ([10] ). In lower dimensions (3-manifolds and knots) these ideas were developed by Deninger ( [3] ), Ramachandran ([18] ), Kapranov and Reznikov ([19] ), Sikora ([23] ) and others.
Connection to K-theory of C * -algebras. Denote π : D → X the fiber map. The closure, Λ, of π(λ) is a geodesic lamination on X; cf. Thurston ([28] ). The set Λ consists of continuum of disjoint geodesics whose "average slope" on surface X is equal to the real number given by fraction (1) . It can be seen that ϕ(Λ) = Λ if and only if ϕ is pseudo-Anosov. In ( [15] ) we applied "noncommutative calculus" to Λ. Namely, the Bratteli diagram of Λ was proved to be stationary, i.e. containing an infinite number of repeated blocks. It is typical that the classification of stationary Bratteli diagrams (and corresponding AF C * -algebras) depends on solvability of certain Diophantine equations; cf. Bratteli, Jorgensen, Kim and Roush ( [2] ).
Field K and main problem. When given M and M ′ are topologically distinct? Stallings ([24] ) proved that π 1 M = π 1 X ⋊ Z, where the semi-direct product is taken by the action of ϕ on π 1 X. Jørgensen ( [9] ) and Thurston ([26] ) showed that every M is hyperbolic, i.e. admits a metric of constant negative curvature. (The existence of such a metric follows easily from Fig. 1 , where λ replaces the "double limit" lemma of Thurston.) By the Margulis-Mostow rigidity, V ol M is a topological invariant of M . Neither π 1 M (solvability of the word problem) nor V ol M (dependence on the "ideal triangulations" of Thurston) are effective in this case. Following Dedekind, Grothendieck and Weil, we can ask:
• Let K be the number field associated to M . Find (a set of) algebraic invariants, I K , such that
(Similar question applies to the stationary Bratteli diagrams and AF C * -algebras; cf. [2] .) In this note a partial solution to the above problem is given. Namely, we show that I K = d, where d is the discriminant of the number field K. The volume of M is a function of d (Theorem 1). Theétale cohomology
) is a finite abelian group 2 of order h K , where h K is the class number of K. In this sense h K plays the role of the "first Betti number" of the topological space Spec O K . It is shown that h K counts "cusps" of M being equal to the number of distinct manifolds of the same volume (Theorem 2). More precisely, the following statements are proved. (See Section 2 for the notation.) Theorem 1 Let K be the algebraic number field associated to the 3-dimensional manifold M fibering over the circle. Let d be the discriminant and ε = ε(d) the fundamental unit of the field K, such that ε > 1. Then the hyperbolic volume of M is a function of d:
Theorem 2 Let K be as before, and let h K be the class number of the field K. Then: (ii) M has h K cusp points.
The structure of the paper is as follows. The reader is supposed familiar with the basics of algebraic numbers, K-theory of C * -algebras and geometric topology as exposed respectively by Hecke ( [7] ), Rørdam, Larsen & Laustsen ( [20] ) and Thurston ([28] ). For otherwise, a brief coverage of these topics is given in Section 2. We prove Theorems 1 and 2 in Section 3. Finally, in Section 4 we discuss the Poincaré conjecture.
Notation

Number fields
Let D be a positive integer not divisible by a full square except 1. The extension of degree 2 over the rationals we call quadratic. Every such an extension has the form K = Q( √ D) and its discriminant is
The ring of integers of the field K consists of the numbers
The elements of subring Z ⊂ O K are called "rational" integers. To any α ∈ O K one prescribes a norm, N α, according to the formula
The unit ε ∈ O K is any invertible element in the ring O K . Element α is the unit if and only if N α = ±1. If O K = Z the units aren't unique and they can be found as solution to the Pell equation:
By the Dirichlet theorem, the set of units of real quadratic field K is an (infinite) abelian group of order 1, i.e. E K = {±ε n | n ∈ Z} where ε > 1 is the fundamental unit of K. Elementary "volume" of the lattice of units is called regulator, R K . It is an invariant of K and R K = log ε for the real quadratic field. The algebraic integer can be decomposed into "primes" but generally in a bunch of different ways. The unique decomposition is possible if one adds "ideal" algebraic numbers, which lie outside field K. In terms of K, these algebraic numbers are known as ideals, i.e. subsets a ⊆ O K such that for any α, β ∈ a and any λ, µ ∈ O K the integer λα + µβ belongs to a. The norm, N a, of the ideal a ⊆ O K is defined as the number of equivalence classes in O K modulo the ideal. (This number is always finite.)
The class number, h K , was introduced by C.-F. Gauss as the number of inequivalent integral binary forms of the same discriminant. Such a number "measures" the deviation from the law of unique prime decomposition in the ring O K . For example, algebraic integers can be uniquely decomposed into the prime factors if and only if h K = 1. In terms of ideals, h K can be defined as the number of equivalence classes of ideals in the ring O K . Number h K is known to be finite and very hard to determine even in the case of quadratic extensions.
(So far only "transcendental" methods apply.)
Let A be the equivalence class of ideals in the ring O K . Dirichlet established a remarkable fact that "density" of the ideals in A is a constant of the field K, which does not depend on A itself. The density is understood as the number of ideals of given norm divided by the norm. For the real quadratic fields, the Dirichlet density theorem can be stated as follows. 
Lemma 1 (Dirichlet density) Let
lim k→∞ N (k, A) k = 2 log ε √ d .(6)
Moreover, the above limit exists and is the same for all equivalence classes of ideals in K.
Proof. We shall give the idea of the proof, whose details are in ( [7] ). Let a ∈ A be an integral ideal in the class A. For every ideal b ∈ A there exists a unique principal ideal, (ω), generated by an algebraic integer ω such that ab = (ω). Therefore, N (k, A) is equal to the total number of ω's such that |N ω| ≤ kN a. Letω be the conjugate of ω. Since N ω = ωω our inequality can be written as
where ω runs all algebraic integers of the field K divisible by a. The set of ω's divisible by a can be presented in the form ω = x 1 α 1 + x 2 α 2 , where (α 1 , α 2 ) is the basis of ideals in A and x 1 , x 2 ∈ Z are rational integers. Therefore, the inequality (7) defines a (closed) finite simply connected region in R 2 which contains the lattice points (x 1 , x 2 ) ∈ Z 2 satisfying (7). This region we denote by B k .
Note that the number of lattice points (x 1 , x 2 ) inside B k is equal to N (k, A) so that when lim t→∞ N (t,A) t converges to the volume of B k . Namely, taking a "rescaling"
where V ol is the cartesian area of domains in R 2 . The calculation of V ol B 1 conists in a 2-step transformation of variables and evaluation of their Jacobians. We shall follow the method of Hecke ( [7] ) adapted to the real quadratic field K.
Step 1. From (y 1 , y 2 ) to (ω,ω). As it was shown earlier
If (α 1 , α 2 ) is the basis of ideals in A, then the algebraic integers ω,ω can be presented as ω = y 11 α 1 + y 12 α 2 ,ω = y 21 α 1 + y 22 α 2 with the Jacobian
Step 2. From (ω,ω) to (u, c). Any conjugate,ω, of the algebraic number ω admits a "unit" representationω = |N ω|ε c , where ε is the unit of the field K, N ω = ωω the norm of ω and c ∈ R. Let us consider the substitution u = ωω, c = 1 2 (log εω − log ε ω) whose Jacobian
The lemma follows.
Geometry of 3-manifolds
Let X be a compact oriented surface of genus g ≥ 2. Denote by M od X = Dif f X/Dif f 0 X the mapping class group of X, i.e. the group of isotopy classes of the orientation preserving diffeomorphisms of X. According to the results of J. Nielsen and W. Thurston, the following is true.
Proof. See Thurston ([27] ).
Consider the following 3-dimensional manifold (the "mapping torus"):
where ϕ ∈ M od X. M is a Seifert manifold if and only if ϕ has finite order.
To the contrary, if ϕ is pseudo-Anosov one obtains a vast class of 3-dimensional manifolds known as Stallings fibrations. They are hyperbolic and "almost every" hyperbolic manifold has finite covering by a Stallings fibration ( [26] ).
Lemma 3 (Thurston) Let M be the 3-dimensional manifold which is a mapping torus of the homeomorphism ϕ ∈ M od X. Then M is hyperbolic if and only if ϕ is pseudo-Anosov.
Proof. We give an outline of the proof, referring the reader to Sullivan ([25] ) for the details. Let M be a hyperbolic 3-manifold such that π 1 M ∼ = π 1 X, where X is compact surface of genus g ≥ 2. In this case the Kleinian group Γ of M 3 fixes the unit disc D ⊂ H 2 ≃ C and acts discontinuously on Int D and Ext D. We have two Riemann surfaces X 1 = (Int D)/G and X 2 = (Ext D)/G, where G is the Fuchsian group of genus g. It is not hard to see that X 1 and X 2 are the boundary components of a Kleinian manifold (
for every v ∈ T M . If X is a Riemann surface then a homeomorphism ϕ : X → X is K-quasiconformal if it has distributional first derivative such that
for almost every x ∈ X and every nonzero vector v ∈ T x X. Let X = X 1 or X = X 2 is the boundary component of the Kleinian manifold M 3 . Every K-quasiconformal map ϕ : X → X extends to a k-quasi-isometry of M 
of
K-theory of C * -algebras
By the C * -algebra one understands a noncommutative Banach algebra with an involution ( [20] ). Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. If A is commutative, then the Gelfand theorem says that A is isometrically * -isomorphic to the C * -algebra C 0 (X) of continuous complexvalued functions on a locally compact Hausdorff space X. For otherwise, A represents a "noncommutative" topological space X. K 0 and Elliott groups. Given a C * -algebra, A, consider new C * -algebra M n (A), i.e. the matrix algebra over A. There exists a remarkable semi-group, A + , connected to the set of projections in algebra M ∞ = ∪ AF C * -algebras. An AF (approximately finite-dimensional) algebra is defined to be a norm closure of an ascending sequence of the finite dimensional algebras M n 's, where M n is an algebra of n × n matrices with the entries in C. Here the index n = (n 1 , . . . , n k ) represents a multi-matrix algebra
be a chain of algebras and their homomorphisms. A set-theoretic limit A = lim M n has a natural algebraic structure given by the formula
The homeomorphisms of the above (multi-matrix) algebras admit a canonical description (Effros [5] ). Suppose that p, q ∈ N and k ∈ Z + are such numbers that kq ≤ p. Let us define a homomorphism ϕ : M q → M p by the formula
where p = kq + h. More generally, if q = (q 1 , . . . , q s ), p = (p 1 , . . . , p r ) are vectors in N s , N r , respectively, and Φ = (φ kl ) is a r × s matrix with the entries in Z + such that Φ(q) ≤ p, then the homomorphism ϕ is defined by the formula:
where Φ(q) + h = p. We say that ϕ is a canonical homomorphism between M p and M q . Any homomorphism ϕ : M q → M p can be rendered canonical ( [5] ).
Bratteli diagrams. Graphical presentation of the canonical homomorphism is called Bratteli diagram. Every "block" of such diagram is a bipartite graph with r × s matrix Φ = (φ kl ). In general, Bratteli diagram is given by a vertex set V and edge set E such that V is an infinite disjoint union V 1 ⊔V 2 ⊔. . ., where each V i has cardinality n. Any pair V i−1 , V i defines a non-empty set E i ⊂ E of edges with a pair of range and source functions r, s such that r(E i ) ⊆ V i and s(E i ) ⊆ V i−1 . The non-negative integral matrix of "incidences" (φ ij ) shows how many edges there are between the k-th vertex in row V i−1 and l-th vertex in row V i . Bratteli diagram is called stationary if (φ kl ) is a constant square matrix for all i = 1, . . . , ∞.
Geodesic laminations and rotation numbers. By geodesic lamination, Λ, one understands a disjoint union of non-periodic geodesic lines lying on the surface X. Set Λ is known to be closed and absolutely discontinuous subset of X where all geodesics lie in the closure of any one of them, cf Thurston ([28] ). Given Bratteli diagram of rank 3 2g one relates a geodesic lamination on the surface of genus g ( [16] ). (The process involves the Koebe-Morse coding of the geodesic lines.) The "average slope" of the geodesics in Λ relatively generators of the fundamental group π 1 X is called a rotation number of the lamination. Note that continued fraction (1) converges to the rotation number defined by Λ.
Stationary Bratteli diagrams and pseudo-Anosov homeomorphisms. Let ϕ : X → X be a homeomorphism of the surface X endowed with a hyperbolic metric. Since Λ is a subset of X, one can study the action of ϕ on it. If ϕ is non-trivial, Λ need not be invariant under the action of ϕ, i.e. ϕ(Λ) = Λ. The condition ϕ(Λ) = Λ is given by the following lemma.
Lemma 4 Let ϕ ∈ M od X be pseudo-Anosov. Then ϕ(Λ) = Λ if and only if Λ corresponds to a stationary Bratteli diagram.
Proof. See [15] .
(Note that in the above lemma Λ = Clos p(λ), where λ is the geodesic presented in Fig. 1 and p : D → X is the covering map.)
Corollary 1
The rotation number of the geodesic lamination corresponding to stationary Bratteli diagram unfolds into a periodic continued fraction.
Proof
Proof of Theorem 1
Let D be the unit disk in the complex plane C. The idea of the proof consists in the partition of D into the fundamental domains of a Fuchsian group G, such that V ol D/G is finite and depends in a simple way on the field K. A "quasi-conformal" deformation of G gives a (both ends) infinite sequence of "quasi-Fuchsian" groups {Γ i } i=∞ i=−∞ whose action on C turn the boundary of D into a plane-filling (fractal) curve ( [26] ). The conformal extension of Γ i to the hyperbolic half-space H 3 defines the set of "Kleinian manifolds" K i (with boundary) such that
where V ol is the hyperbolic volume fixed in H 3 . Since the concatenation of the above "Kleinian manifolds" is an infinite cyclic cover of the mapping torus M , we conclude that V ol M = V ol K 0 , where K 0 = H 3 /G is the manifold obtained by the action of the Fuchsian group G.
We shall keep notation of Lemma 1 (Dirichlet density). Let B k = {ω | ωω ≤ kN a} be the simply connected closed domain in R 2 . Let Card Z 2 B k denote the number of points of the lattice Z 2 lying inside B k . It was shown earlier that Card Z 2 B k = N (k, A), where A is the equivalence class of ideals of K. Finally, let τ k : B k → B 1 be the "scaling" map acting by the formula
Grids 
1 , G
2 , . . . , G
m such that
m .
we call a grid of depth 2 in B 1 . To obtain the grid of depth 3, we leave domains G m intact and apply the rescaling τ 3 to the domain τ 2 (B 2 ) so that 
Proof of lemma.
Fix an integer number g ≥ 2. For simplicity, let us assume that domain B 1 is bounded by a polygon with 4g sides. We establish the following correspondence.
Step 1. Denote by Γ 2 a grid of depth 2 in B 1 . In the disk D we fix a 4g-gon, ∆, whose hyperbolic area is equal to V ol B 1 . Let us identify points of polygons B 1 ⊂ R 2 and ∆ ⊂ D in the natural way. If γ 1 , . . . , γ 2g are generators of a Fuchsian group G, we consider the "surrounding" fundamental polygons ∆ Step 2. Let Γ 3 be the grid of depth 3. Take any domain G Step k. If Γ k is the grid of depth k, we apply the desribed 1-step procedure to the grid of depth k −1 and obtain the required correspondence between domains in Γ k and D.
Step k = ∞. In case k → ∞ the domains ∆ ∞ ⊂ D fill-up the entire D. By the construction, this partition (tessellation) is isometric and therefore there exists a Fuchsian group G whose fundamental domain coincides with ∆. Since V ol ∆ = V ol B 1 , lemma 5 follows.
To finish the proof of theorem, it remains to apply the "double limit" lemma of Thurston ([29] ). Denote by T (X) the Teichmüller space of the surface X and take an element p ∈ T (X) called "marking". Let ϕ ∈ M od X be a pseudoAnosov homeomorphism acting on X. Then the sequence {ϕ −n p, ϕ n p} converges to the limit (µ s , µ u ) in the spaceT (S) ×T (S). We shall see that "marking" of T (X) by the Fuchsian group G constructed in Lemma 5 gives a natural invariant parametrization of the hyperbolic structures on X (and, eventually, on M ).
Lemma 6 Let p ∈ T (X) be the hyperbolic structure corresponding to the Fuchsian group G of Lemma 5, i .e. p = D/G. Then p is a hyperelliptic locus 4 in the Teichmüller space of X.
Proof. The hyperbolic structure p can be obtained by the "zippering of rectangles" over an interval exchange transformation, cf Veech ([30] ). By the construction of group G, the Bratteli diagram of this interval exchange transformation is stationary. On the other hand, stationary Bratteli diagrams correspond to the hyperelliptic curves ( [17] ).
The hyperbolic surfaces {ϕ n p | n ∈ Z} are isometric and differ only by "marking" ( [29] ). Since p ∈ T (X) is a hyperelliptic locus, ϕ m p = p for integer m = minimal period of continued fraction (1) . Therefore, the "double limit" sequence has a subsequence converging to µ s = µ u = p. (In other words, marking p is "natural" and "invariant".)
LetC be the extended complex plane, which is homeomorphic to the 2-sphere, S 2 . The boundary of the unit disk D ⊂ C we shall denote by S 1 . Let ϕ * ∈ Aut π 1 X be an exterior automorphism generated by the pseudo-Anosov map ϕ : X → X. Then there exists a sequence of quasi-Fuchsian groups Γ i of genus g such that lim i→∞ Γ i = Γ ∞ is a quasi-Fuchsian group, cf Corollary 3 of ( [25] ). It is known that the limit of Γ ∞ is a Peano (S 2 -filling) curve which we denote by P ∞ . It is not hard to see that V ol D/G "measures" the embedding of P ∞ into S 2 . Ifφ i are the liftings of ϕ corresponding to Γ i , then lim i→∞φi =φ ∞ exists and leaves invariant the set P ∞ . It remains to notice thatφ ∞ extends to discrete action of a Kleinian group K on Clos P ∞ = S 2 and hyperbolic space H 3 ( [29] ). By our construction, V ol H 3 /K = V ol D/G and in view of Lemmas 1 and 5 the theorem follows.
Proof of Theorem 2
In case K is the imaginary quadratic field, the theorem was known since 1892 due to Bianchi ([1] ). He noticed that the number of "singular vertices" of the fundamental polyhedron of M is equal to the class field number h K , where K and M are as described by formula (2) . In fact, every singularity studied by Bianchi is a cusp, and using Thurston's "closing of the cusps" theorem one can easily show that h K measures the number of topologically distinct 3-manifolds of the same hyperbolic volume.
Let us turn to the case when K is a real quadratic field and M is a 3-manifold fibering over the circle. The idea of the proof is to show that h K is equal to the number of distinct M (with cusps) of the same hyperbolic volume. This follows from the Dirichlet density theorem and our earlier considerations. Next we apply Jørgensen and Thurston's results on "opening and closing" of the cusp points to prove item (ii) of the theorem. 
are closed domains in R 2 corresponding to the equivalence classes A 1 , A 2 , . . . , A hK (Lemma 1), then their volumes are the same. Applying the "grid construction" (Section 3.1) one obtains a sequence of Fuchsian groups G 1 , G 2 , . . . , G h k whose covolume is equal to 2 log ε/ √ d. However, it can be seen that the corresponding Kleinian groups K 1 , K 2 , . . . , K hK are pairwise non-isomorphic (apply the double limit lemma for the marking p 1 = p 2 = . . . = p hK ) and differ by the number of "singular points" of the fundamental polyhedron lying at the boundary sphere of the hyperbolic space H 3 . Item (i) follows.
(ii) Cusps and tubes. By the Kazhdan-Margulis theorem, every ε-ball B ε ⊂ M is isometric either to the ε-ball of the hyperbolic space H 3 (regular point), or π 1 B ε = Z (tube), or else π 1 B ε = Z ⊕ Z (cusp). Both tubes and cusps have a simple geometry which can be described in terms of the closed geodesic lines in M ( [28] ). In this sense, the "local topology" of hyperbolic 3-manifolds is well understood. For the convergent sequence of hyperbolic manifolds, the following beautiful lemma due to Thurston is true.
Lemma 7 (Closing of cusps) Let M be a complete orientable hyperbolic 3-manifold with V ol M < ∞. Suppose that M has p + q cusp points. Then there exists a convergent sequence of hyperbolic manifolds M i , such that lim i→∞ M i = M and which satisfy the following two properties:
has exactly p cusps and q neighbourhoods with a deleted short geodesic. 5 Proof. See Gromov [6] for a discussion.
To finish the proof of item (ii) let us notice that if M has p + q cusps, then there exists p + q distinct sequences converging to M . (Proof: Put in Lemma 7 q = 1, 2, . . . , p + q consequently.) By item (i) of Lemma 7 the limits of these sequences are all topologicaly distinct. On the other hand, the volume of the limit manifolds is the same. Therefore, p + q = h K by item (i) of Theorem 2. Item (ii) of Theorem 2 follows.
4 Remark to the Poincaré conjecture 99 % of topologically non-trivial 3-manifolds are hyperbolic. On the other hand, it is believed that every hyperbolic 3-manifold has a finite-sheeted cover which fibers over the circle; cf. Thurston ([26] ). It is interesting therefore to resolve the Poincaré conjecture (π 1 M = 0 implies M = S 3 ) in the class of surface bundles with the pseudo-Anosov monodromy.
Word and ideal metric. Let G be a group with the finite set of generators G = {w 1 , . . . , w N }. The length of an element w ∈ G is defined as |w| = min{n | w = w 1 w 2 . . . w n , w i ∈ G}. The norm | • | defines a metric on G called word metric. The Gromov product (•, •) is defined as (u, v) = 1 2 (|u| + |v| − |uv −1 |). If the word metric is such that (u, v) ≥ min{(u, w), (v, w)} − δ for every u, w, v ∈ G and some δ > 0, then group G is called δ-hyperbolic. The definition does not depend on the choice of generating set G. Every element w ∈ G of hyperbolic group G can be interpreted as a "geodesic loop" in the hyperbolic space (G, |•|).
Let K an algebraic number field. Consider the set of its integral ideals I K which form a semi-group with the cancellation property with regard to multiplication ( [7] ). If a ∈ I K , define its "length" as |a|, where | • | is the usual norm of an ideal. Let us call | • | an ideal metric on I K . Consider the following correspondence.
Geometric
Hyperbolic groups Algebraic number topology fields Proof. If π 1 M is trivial, then every closed (geodesic) loop is contractible. Then every integral ideal of K has unit norm, i.e. |a| = 1 for all a ∈ I K (Table 1) . But this happens if and only if every a = (1), where (1) is the principal ideal generated by the rational unit 1 ∈ K ( [7] ). Therefore a ∼ = Z and K ∼ = Q. In this case we have M = S 3 ( Table 1 ).
